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Abstrat
Over the past two deades or so, it has beome inreasingly app-
parent that, out to quite large distanes, galaxies are distributed in a
quasi-fratal fashion with fratal dimension D ≈ 2. Whether or not
this behaviour ontinues onto indenitely large sales is a matter of
live debate and is a question that an only be settled if, at some sale,
there is an unambiguous transition to homogeneity. This point has
not yet been reahed and may never be. This paper has been written
on the basis of the tentative hypothesis that quasi-fratal D ≈ 2 be-
haviour is a persistent and fundamental feature of galaxy distribution
on all sales and addresses the question of the origins of this putative
fratality. Given this tentative hypothesis then, exept for the devie
of putting the fratal behaviour into the initial onditions - whih is
to by-pass the question, there is no obvious explanation within the
framework of onventional osmology. So we adopt the position that
fratality is per-se a signature that dierent thinking is required. We
nd that a beautiful solution ows dedutively from elementary obser-
vations about the world in whih we live when we take seriously a view
of spae and time that an be traed, via Mah, Berkeley and Leibnitz
to Aristotle. In summary, we nd that a globally inertial spae and
time an be irreduibly assoiated with a fratal, D = 2, distribution
of material if we are prepared to review our understanding of what is
meant by the notion of metri on astrophysial sales.
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1 Introdution
A basi assumption of the Standard Model of modern osmology is that,
on some sale, the universe is homogeneous; however, in early responses
to suspiions that the aruing data was more onsistent with Charlier's
oneptions of an hierarhial universe [1, 2, 3℄ than with the requirements
of the Standard Model, de Vauouleurs [4℄ showed that, within wide limits,
the available data satised a mass distribution law M ≈ r1.3, whilst Peebles
[5℄ found M ≈ r1.23. The situation, from the point of view of the Standard
Model, has ontinued to deteriorate with the growth of the data-base to the
point that, aording to Baryshev et al [6℄
...the sale of the largest inhomogeneities (disovered to date) is ompa-
rable with the extent of the surveys, so that the largest known strutures are
limited by the boundaries of the survey in whih they are deteted.
For example, several reent redshift surveys, suh as those performed by
Huhra et al [7℄, Giovanelli and Haynes [8℄, De Lapparent et al [9℄, Broadhurst
et al [10℄, Da Costa et al [11℄ and Vettolani et al [12℄ et have disovered mas-
sive strutures suh as sheets, laments, superlusters and voids, and show
that large strutures are ommon features of the observable universe; the
most signiant onlusion to be drawn from all of these surveys is that the
sale of the largest inhomogeneities observed is omparable with the spatial
extent of the surveys themselves.
In reent years, several quantitative analyses of both penil-beam and wide-
angle surveys of galaxy distributions have been performed: three reent ex-
amples are give by Joye, Montuori & Labini [13℄ who analysed the CfA2-
South atalogue to nd fratal behaviour with D= 1.9± 0.1; Labini & Mon-
tuori [14℄ analysed the APM-Stromlo survey to nd fratal behaviour with
D= 2.1±0.1, whilst Labini, Montuori & Pietronero [15℄ analysed the Perseus-
Pises survey to nd fratal behaviour with D= 2.0 ± 0.1. There are many
other papers of this nature in the literature all supporting the view that,
out to medium depth at least, galaxy distributions appear to be fratal with
D≈ 2.
This latter view is now widely aepted (for example, see Wu, Lahav & Rees
[16℄), and the open question has beome whether or not there is a transition
to homogeneity on some suiently large sale. For example, Saramella
et al [17℄ analyse the ESO Slie Projet redshift survey, whilst Martinez et
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al [18℄ analyse the Perseus-Pises, the APM-Stromlo and the 1.2-Jy IRAS
redshift surveys, with both groups nding evidene for a ross-over to homo-
geneity at large sales. In response, the Saramella et al analysis has been
ritiized on various grounds by Joye et al [19℄.
The argument has reently redued to a question of statistis: basially, the
proponents of the fratal view argue that the statistial tools (eg orrelation
funtion methods) widely used to analyse galaxy distributions by the propo-
nents of the opposite view are deeply rooted in lassial ideas of statistis and
impliitly assume that the distributions from whih samples are drawn are
homogeneous in the rst plae. Thus, muh eort is being expended develop-
ing tools appropriate to analysing samples drawn from more general lasses
of populations - a general fous being the idea that one should not disuss
fratal strutures in terms of the orrelation amplitude sine the only mean-
ingful quantity is the exponent haraterizing the fratal behaviour. Reent
papers arguing this general point of view are Sylos Labini & Gabrielli [20℄
and Gabrielli & Sylos Labini [21℄.
This work of this paper is based upon the view that this putative fratal
behaviour is fundamental and persistent on all sales, and is a signal that
our onventional understanding of spae & time needs to be reonsidered.
1.1 A brief history of ideas of spae and time
The oneption of spae as the ontainer of material objets is generally
onsidered to have originated with Demoritus and, for him, it provided
the stage upon whih material things play out their existene - emptiness
exists and is that whih is devoid of the attribute of extendedness (although,
interestingly, this latter oneption seems to ontain elements of the opposite
view upon whih we shall omment later). For Newton [22℄, an extension of
the Demoritian oneption was basi to his mehanis and, for him:
... absolute spae, by its own nature and irrespetive of anything external,
always remains immovable and similar to itself.
Thus, the absolute spae of Newton was, like that of Demoritus, the
stage upon whih material things play out their existene - it had an ob-
jetive existene for Newton and was primary to the order of things. In a
similar way, time - universal time, an absolute time whih is the same every-
where - was also onsidered to possess an objetive existene, independently
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of spae and independently of all the things ontained within spae. The
fusion of these two oneptions provided Newton with the referene system -
spatial oordinates dened at a partiular time - by means of whih, as New-
ton saw it, all motions ould be quantied in a way whih was ompletely
independent of the objets onerned. It is in this latter sense that the New-
tonian oneption seems to depart fundamentally from that of Demoritus
- if emptiness exists and is devoid of the attribute of extendedness then, in
modern terms, the emptiness of Demoritus an have no metri assoiated
with it. But it is preisely Newton's belief in absolute spae & time (with
the implied virtual loks and rods) that makes the Newtonian oneption a
diret anteedant of Minkowski spaetime - that is, of an empty spae and
time within whih it is possible to have an internally onsistent disussion of
the notion of metri.
The ontrary view is generally onsidered to have originated with Aristo-
tle [23, 24℄ for whom there was no suh thing as a void - there was only the
plenum within whih the onept of the empty plae was meaningless and,
in this, Aristotle and Leibnitz [25℄ were at one. It fell to Leibnitz, however,
to take a ruial step beyond the Aristotolian oneption: in the debate of
Clarke-Leibnitz (1715∼1716) [26℄ in whih Clarke argued for Newton's on-
eption, Leibnitz made three arguments of whih the seond was:
Motion and position are real and detetable only in relation to other ob-
jets ... therefore empty spae, a void, and so spae itself is an unneessary
hypothesis.
That is, Leibnitz introdued a relational onept into the Aristotolian
world view - what we all spae is a projetion of relationships between
material bodies into the pereived world whilst what we all time is the
projetion of ordered hange into the pereived world. Of the three argu-
ments, this latter was the only one to whih Clarke had a good objetion -
essentially that aelerated motion, unlike uniform motion, an be perieved
without referene to external bodies and is therefore, he argued, neessarily
perieved with respet to the absolute spae of Newton. It is of interest to
note, however, that in rebutting this partiular argument of Leibnitz, Clarke,
in the last letter of the orrespondene, put his nger diretly upon one of
the ruial onsequenes of a relational theory whih Leibnitz had apparently
not realized (but whih Mah muh later would) stating as absurd that:
... the parts of a irulating body (suppose the sun) would lose the vis
entrifuga arising from their irular motion if all the extrinsi matter around
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them were annihilated.
This letter was sent on Otober 29th 1716 and Leibnitz died on Novem-
ber 14th 1716 so that we were never to know what Leibnitz's response might
have been.
Notwithstanding Leibnitz's arguments against the Newtonian oneption,
nor Berkeley's ontemporary ritiisms [27℄, whih were very similar to those
of Leibnitz and are the diret anteedants of Mah's, the pratial suess
of the Newtonian presription subdued any serious interest in the matter for
the next 150 years or so until Mah himself piked up the torh. In eet,
he answered Clarke's response to Leibnitz's seond argument by suggesting
that the inertia of bodies is somehow indued within them by the large-sale
distribution of material in the universe:
... I have remained to the present day the only one who insists upon
referring the law of inertia to the earth and, in the ase of motions of great
spatial and temporal extent, to the xed stars ... [28℄
thereby generalizing Leibnitz's oneption of a relational universe. Mah
was equally lear in expressing his views about the nature of time: in eet,
he viewed time (speially Newton's absolute time) as a meaningless ab-
stration. All that we an ever do, he argued in [28℄, is to measure hange
within one system against hange in a seond system whih has been dened
as the standard (eg it takes half of one omplete rotation of the earth about
its own axis to walk thirty miles).
Whilst Mah was lear about the origins of inertia (in the xed stars), he did
not hypothesize any mehanism by whih this onvition might be realized
and it fell to others to make the attempt - a typial (although inomplete) list
might inlude the names of Einstein [29℄, Siama [30℄, Hoyle & Narlikar and
Sahs [31, 32℄ for approahes based on anonial ideas of spaetime, and the
names of Ghosh [33℄ and Assis [34℄ for approahes based on quasi-Newtonian
ideas.
It is perhaps one of the great ironies of 20thC siene that Einstein, having
oined the name Mah's Priniple for Mah's original suggestion and set-
ting out to nd a theory whih satised the newly named Priniple, should
end up with a theory whih, whilst albiet enormously suessful, is more an
heir to the ideas of Demoritus and Newton than to the ideas of Aristotle,
Leibnitz and Berkeley. One only has to onsider the speial ase solution of
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Minkowski spaetime, whih is empty but metrial, to appreiate this fat.
2 Overview
Following in the tradition of Aristotle, Leibnitz, Berkeley and Mah we ar-
gue that no onsistent osmology should admit the possibility of an internally
onsistent disussion of empty metrial spae & time - unlike, for example,
General Relativity whih has the empty spaetime of Minkowski as a parti-
ular solution. Reognizing that the most simple spae & time to visualize is
one whih is everywhere inertial (whih, in any ase, approximates the reality
of our universe on very large sales) then our worldview is distilled into the
elemental question:
Is it possible to oneive a globally inertial spae & time whih is irre-
duibly assoiated with a non-trivial global mass distribution and, if so, what
are the properties of this distribution?
In pursuit of this question, this paper falls naturally into three main
parts, the rst being a development of a Leibnitzian view of physial spae,
the seond being a development of what `time' means in suh a physial spae
and the third being a brief disussion of dynamis in the resulting Leibnitzian
universe.
2.1 Leibnitzian physial spae: overview
We take the general position of Leibnitz about the relational nature of spae
to be self-evident and in 3, 4 and 5 develop a quantitative Leibnitzian
model of a metri three-spae - that is, of a physial three-spae whose metri
properties are dened entirely in terms of its material ontent and for whih
the notion of empty spae is a meaningless abstration. This development
is notable for the fat that it proeeds from the simple assumption that we
an `do loal physis' in the onventional way (ie dene standard metres and
standard seonds and orthogonal referene frames et for purely loal use)
and from the primitive and denitive knowledge that, in the universe of our
experiene, the angular sizes of distant objets are (statistially) in a strong
inverse relationship with measured osmologial redshifts (a redshift mea-
surement is a loal measurement). A purely dedutive argument - ontaining
no additional hypothesese (beyond the simplifying, but stritly unneessary,
assumption that the large sale universe is statistially unhanging over all
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epohs) - then leads to the onlusion that, on very large sales, spae nees-
sarily tends to beome Eulidean and is supported by a quasi-fratal D ≈ 2
distribution of universal material.
2.2 Time in a Leibnitzian physial spae: overview
The notion of time in the Leibnitzian universe is developed in 6, 7, and 8.
The assumption that the universe is statistially unhanging over all epohs is
equivalent to stating that there is no osmi time. Therefore, to `do' dynamis
in our Leibnitzian universe some onept of loal time must be introdued.
To keep things simple so that ideas an be properly laried, we impose the
requirement that dynamis means Newtonian dynamis - in essene, that the
Third Law must be satised. This then leads to a natural denition of time
whih, within the ontext of our Leibnitzian universe, an be interpreted to
mean that time is an expliit measure hange in this universe, whih very
muh oinides with Mah's ideas about the nature of time briey mentioned
in 1.1.
2.3 Dynamis in the Leibnitzian universe: overview
By dynamis here, we mean gravitational dynamis and this is disussed in
9 and 10. We show that, on very large sales, all motions tend to beome
inertial so that, when ombined with the result that this large-sale Leib-
nitzian universe is supported by a quasi-fratal D ≈ 2 material distribution,
the over-all piture is a lose reetion of what we atually observe on very
large sales.
On small sales in this universe, it beomes lear how Newtonian gravita-
tion emerges in a natural way - although we do not disuss this in detail
here. Of equal interest is the fat that for partiular limiting values of two
parameters, the material in the universe beomes exaty fratal, D = 2, and
and there is global dynamial equilibrium on all sales. The signiane of
this is disussed.
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3 Leibnitzian physial spae
3.1 The qualitative model
In pursuit of the general question raised in the opening paragraph of 2, we
shall assume an idealized universe:
• within whih observers an dene orthogonal frames loally and make
quantitative length measurements/omparisons on loal sales only and
make measurements of angular diameter and angular position for ob-
jets at arbitrary distanes;
• whih, on very large sales, onsists of an innite set of idential dis-
rete galaxies on whih there is a primitive property of absolute ordering
whih allows us to say only that galaxy G0 is nearer/further than galaxy
G1. There are two obvious onsequenes of this latter requirement:
 we must be able to see the galaxies and so they must emit light;
 there must be some measurable parameter whih allows the judge-
ment of nearer/further. This ould be, for example, measured
angular diameters or redshifts.
• within whih there is a primitive temporal ordering property whih al-
lows a distintion to be made between before and after. This property
will provide a qualitative measure of proess or ordered hange in the
model universe;
• within whih there is at least one origin about whih the distribution of
`galaxies' is statistially isotropi - meaning that the results of sampling
along arbitrary lines of sight over suiently long harateristi 'times'
are independent of the diretions of lines of sight;
• within whih the distribution of `galaxies' is statistially stationary -
meaning that the results of sampling along arbitrary lines of sight over
suiently long harateristi 'times' are independent of sampling epoh.
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3.1.1 Astrophysial spheres and a mass-alibrated metri for ra-
dial displaements
We wish to obtain a oneption of spae & time within whih it is mean-
ingless to talk about metri in the absene of matter. We imagine that we
are in the world of our experiene and that this world is represented by the
primitive model desribed above. Thus, for the sake of deniteness, we will
suppose that the primitive spatial ordering of galaxies an be determined
by redshift measurements - in other words, we use only the knowledge that
there exists a positive orrelation between the (statistial) angular diameters
of galaxies and their measured redshifts.
It is then useful to disuss, briey, the notion of spherial volumes dened
on large astrophysial sales in this universe: whilst we an ertainly give
various preise operational denitions of spherial volumes on loal sales,
the proess of giving suh denitions on large sales is deidedly ambiguous.
In eet, we have to suppose that redshift measurements are (statistially)
isotropi when taken from an arbitrary point within the universe and that
they vary monotonially with distane on the large sales we are onerned
with. With these assumptions, spherial volumes an be dened (statisti-
ally) in terms of redshift measurements - however, their radial alibration
in terms of ordinary units (suh as metres) beomes inreasingly unertain
(and even unknown) on very large redshift sales.
With these ideas in mind, the primary step taken in answer to the elemental
question of 3.1 is the reognition that, on large enough sales in the universe
of our experiene (say > 30Mpc), the amount of matter in a given redshift-
dened spherial volume in a given epoh an be onsidered as a well-dened
(monotoni) funtion of the sphere's (redshift) radius.
It follows immediately that a redshift alibration of the radius of an as-
trophysial sphere has an equivalent mass-dened alibration.
That is, the redshift-radius, Rz say, of any spherial volume, alibrated
in terms of mass, an be onsidered given by:
Rz = f(m)→ δRz ≈ f(m+ δm)− f(m) (1)
where m is the mass onerned and f is some well-dened, but unknown,
monotoni inreasing funtion of m. Thus, whatever the form of f , we have
immediately dened an invariant radial measurement suh that it beomes
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undened in the absene of matter - in eet, we have, in priniple, a metri
whih follows Leibnitz in the required sense for any displaement whih is
purely radial.
At this point, we an note that there will be some monotoni relation be-
tween a redshift-dened radial displaement Rz and a `onventional' radial
measure, R say. Thus, the rst of (1) above an be written as
Rz ≡ g(R) = f(m)→ R = g−1(Rz), m = M(R)↔ R = M−1(m) (2)
where f is a well-dened, but unknown funtion of m, and g is an arbi-
trary monotoni inreasing funtion of R, the denition of whih provides a
alibration of R in terms of Rz.
3.1.2 Denition of a three-dimensional oordinate frame
We now onsider how to generalize the foregoing ideas to provide oordinate
positions in three-dimensional spae for arbitrarily plaed distant objets.
The method is straighforward: sine we have assumed that an observer in
the model universe an dene a loal orthogonal frame then he an set up a
loal retangular frame with unalibrated axes, (x1, x2, x3) say, within whih
he an measure the angular position of arbitrarily plaed objets, (θ, φ) say.
These axes an be supposed extended indenitely along the lines of sight -
but they are ompletely unalibrated and annot be assumed orthogonal on
large sales. However, sine we have R = g−1(Rz) where Rz is a measured
astrophysial quantity, then the observer an provide a global alibration of
his (loally) retangular axes to within a denition of g by dening
x1 = R sin θ cosφ, x2 = R sin θ sinφ, x3 = R cos θ. (3)
This proedure has the onsequene that eah of the three axes is alibrated
on an astrophysial sale in the same way as R (that is, to within a denition
of g) and of guaranteeing that
R2 =
(
x1
)2
+
(
x2
)2
+
(
x3
)2 → RdR = xidxjδij .
3.1.3 A mass-alibrated metri for arbitrary spatial displaements
We are now in a position to generalize the idea of a mass-alibrated radial
displaement to that of a mass-alibration for arbitrary displaements in our
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model universe. To this end, we use m = M(R) from (2) and use it in
onjuntion with (3) to get the mass model:
Mass ≡ m = M(R) ≡M(x1, x2, x3),
for our rudimentary universe.
Now onsider the normal gradient vetor na = ∇aM and the hange in
this arising from a displaement dxk,
dna = ∇i (∇aM) dxi , (4)
where we assume that the geometrial onnetions required to give this lat-
ter expression an unambiguous meaning are the usual metrial onnetions -
exept of ourse, the metri tensor gab of our three-spae is not yet dened.
Given that ∇a∇bM is nonsingular, then (4) provides a 1:1 mapping between
the ontravariant vetor dxa and the ovariant vetor dna so that, in the
absene of any other denition, we an dene dna to be the ovariant form
of dxa. In this latter ase the metri tensor of our three-spae automatially
beomes
gab = ∇a∇bM (5)
whih, through the implied metrial onnetions, is a highly non-linear equa-
tion dening gab to within the speiation of the mass model,M . The salar
produt dS2 ≡ dnidxi ≡ gijdxidxj then provides an invariant measure for the
magnitude of the innitessimal three-spae displaement, dxa.
The units of dS2 are easily seen to be those of mass only and so, in or-
der to make them those of length2 - as dimensional onsisteny requires -
we dene the working invariant as ds2 ≡ (2r2
0
/m0)dS
2
, where r0 and m0 are
saling onstants for the distane and mass sales respetively and the nu-
merial fator has been introdued for later onveniene.
Finally, if we want
ds2 ≡
(
r2
0
2m0
)
dnidx
i ≡
(
r2
0
2m0
)
gijdx
idxj (6)
to behave sensibly in the sense that ds2 > 0 whenever |dr| > 0 and ds2 = 0
only when |dr| = 0, then we must replae the ondition of non-singularity
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of gab by the ondition that it is stritly positive denite; in the physial
ontext of the present problem, this will be onsidered to be a self-evident
requirement.
3.2 The onnetion oeients
We have assumed that the geometrial onnetion oeients an be dened
in some sensible way. To do this, we simply note that, in order to dene
onservation laws (ie to do physis) in a Riemannian spae, it is neessary
to be have a generalized form of Gausses' divergene theorem in the spae.
This is ertainly possible when the onnetions are dened to be the metrial
onnetions, but it is by no means lear that it is ever possible otherwise.
Consequently, the onnetions are assumed to be metrial and so gab, given
at (5), an be written expliitly as
gab ≡ ∇a∇bM ≡ ∂
2M
∂xa∂xb
− Γkab
∂M
∂xk
, (7)
where Γkab are the Christoel symbols, and given by
Γkab =
1
2
gkj
(
∂gbj
∂xa
+
∂gja
∂xb
− ∂gab
∂xj
)
.
4 The metri tensor given in terms of the mass
model
It is shown, in appendix A, how, for an arbitrarily dened mass model,
m ≡ M(R), (7) an be exatly resolved to give an expliit form for gab in
terms of suh a general M(R): Dening
R ≡ (x1, x2, x3), Φ ≡ 1
2
(R ·R) = 1
2
R2 and M ′ ≡ dM
dΦ
then it is found that
gab = Aδab +Bx
ixjδiaδjb, (8)
where
A ≡ d0M +m1
Φ
, B ≡ − A
2Φ
+
d0M
′M ′
2AΦ
.
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for arbitrary onstants d0 and m1 where, as inspetion of the struture of
these expressions for A and B shows, d0 is a dimensionless saling fator and
m1 has dimensions of mass. Noting now that M always ours in the form
d0M +m1, it is onvenient to write M≡ d0M +m1, and to write A and B
as
A ≡ M
Φ
, B ≡ −
(M
2Φ2
− M
′M′
2d0M
)
. (9)
5 An invariant alibration of the radial sale
So far, we have assumed an arbitrary alibration for the radial sale; that is,
sine, by (2), Rz = f(m) for unknown f and sine R = g
−1(Rz) for arbitrary
monotoni g, then R = g−1 {f(m)} is unalibrated. In the following, we
show that the geodesi radial sale provides a unique alibration for R in
terms of m and leads diretly to an understanding of fratality, D ≈ 2, in
our observed universe.
5.1 The geodesi radial sale
Using (8) and (9) in (6), and applying the identities xidxjδij ≡ RdR and
Φ ≡ R2/2, we nd, for an arbitrary displaement dx, the invariant measure:
ds2 =
(
R2
0
2m0
){M
Φ
dxidxjδij − Φ
(M
Φ2
− M
′M′
d0M
)
dR2
}
,
whih is valid for the arbitrary alibration R = g−1 {f(m)}. If the displae-
ment dx is now onstrained to be purely radial, then we nd
ds2 =
(
R2
0
2m0
){
Φ
(M′M′
d0M
)
dR2
}
.
Use of M′ ≡ dM/dΦ and Φ ≡ R2/2 redues this latter relationship to
ds2 =
R2
0
d0m0
(
d
√
M
)2 → ds = R0√
d0m0
d
√
M →
s =
R0√
d0m0
(√
M−
√
M0
)
, where M0 ≡M(s = 0)
whih denes the invariant magnitude of an arbitrary radial displaement
from the origin purely in terms of the mass-model representation M ≡
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d0M + m1. By denition, this s is the invariant measure for an arbitrary
nite radial displaement - in other words, it is the natural measure of radial
displaement. Thus, by setting R ≡ s, we identify R with the natural mea-
sure of radial displaement, and thereby provide it with a unique alibration.
To summarize, the natural mass-dened alibration for the radial sale is
given by
R =
R0√
d0m0
(√
M−
√
M0
)
, (10)
where M0 is the value of M at R = 0.
5.2 The Eulidean metri and a fratal D = 2 mass dis-
tribution
Using M ≡ d0M + m1 and noting that M(R = 0) = 0 neessarily, then
M0 = m1 and so (10) an be equivalently arranged as
M =
[√
d0m0
R0
R +
√
m1
]2
. (11)
Using M ≡ d0M + m1 again, then the mass-distribution funtion an be
expressed in terms of the invariant radial displaement as
M = m0
(
R
R0
)2
+ 2
√
m0m1
d0
(
R
R0
)
(12)
whih, for the partiular ase m1 = 0 beomes M = m0(R/R0)
2
. Referene
to (8) shows that, with this mass distribution and d0 = 1, then gab = δab so
that the three-spae spae beomes ordinary Eulidean spae. Thus, whilst
we have yet to show that a globally inertial spae an be assoiated with
a non-trivial global matter distribution (sine no temporal dimension, and
hene no dynamis, has been introdued), we have shown that a globally Eu-
lidean spae an be assoiated with a non-trivial matter distribution, and
that this distribution is neessarily fratal with D = 2.
Note also that, on a large enough sale and for arbitrary values of m1, (12)
shows that radial distane varies as the square-root of mass from the hosen
origin - or, equivalently, the mass varies as R2. Consequently, on suiently
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large sales Eulidean spae is irreduibly related to a quasi-fratal, D = 2,
matter distributions. Sine M/R2 ≈ m0/R20 on a large enough sale then,
for the remainder of this paper, the notation g0 ≡ m0/R20 is employed.
6 The temporal dimension
So far, the onept of `time' has only entered the disussion in a qualitative
was in 1.1 - it has not entered in any quantitative way and, until it does,
there an be no disussion of dynamial proesses.
Sine, in its most general denition, time is a parameter whih orders hange
within a system, then a neessary pre-requisite for its quantitative denition
is a notion of hange within the universe. The most simple notion of hange
whih an be dened in the universe is that of hanging relative spatial dis-
plaements of the objets within it. Sine our model universe is populated
solely by idential primitive `galaxies' then, in eet, all hange is gravita-
tional hange. This fat is inorporated into the osmology to be derived
by onstraining all partile displaements to satisfy the Weak Equivalene
Priniple. We are then led to a Lagrangian desription of partile motions
in whih the Lagrange density is degree zero in its temporal-ordering param-
eter. From this, it follows that the orresponding Euler-Lagrange equations
form an inomplete set.
The origin of this problem traes bak to the fat that, beause the La-
grangian density is degree zero in the temporal ordering parameter, it is
then invariant with respet to any transformation of this parameter whih
preserves the ordering. This implies that, in general, temporal ordering pa-
rameters annot be identied diretly with physial time - they merely share
one essential harateristi. This situation is idential to that enountered
in the Lagrangian formulation of General Relativity; there, the situation is
resolved by dening the onept of `partile proper time'. In the present
ase, this is not an option beause the notion of partile proper time involves
the prior denition of a system of observer's loks - so that some notion of
lok-time is fatored into the prior assumptions upon whih General Rela-
tivity is built.
In the present ase, it turns out that the isotropies already imposed on the
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system onspire to provide an automati resolution of the problem whih is
onsistent with the already assumed interpretation of `time' as a measure
of ordered hange in the model universe. To be spei, it turns out that
the elapsed time assoiated with any given partile displaement is propor-
tional, via a salar eld, to the invariant spatial measure attahed to that
displaement. Thus, physial time is dened diretly in terms of the invari-
ant measures of proess within the model universe and, furthermore, loal
onditions aet lok rates.
7 Equations of motion for generalized time pa-
rameter
Firstly, and as already noted, we are assuming that, within our model uni-
verse, all motions are gravitational, and we model this irumstane by on-
straining all suh motions to satisfy the Weak Equivalene Priniple by whih
we mean that the trajetory of a body is independent of its internal onsti-
tution. This onstraint an be expressed as:
C1 Partile trajetories are independent of the spei mass values of the
partiles onerned;
Seondly, given the isotropy onditions imposed on the model universe from
the hosen origin, symmetry arguments lead to the onlusion that the net
ation of the whole universe of partiles ating on any given single partile
is suh that any net aeleration of the partile must always appear to be
direted through the oordinate origin. Note that this onlusion is indepen-
dent of any notions of retarded or instantaneous ation. This onstraint an
then be stated as:
C2 Any aeleration of any given material partile must neessarily be
along the line onneting the partiular partile to the oordinate origin.
Now suppose p and q are two arbitrarily hosen point oordinates on the
trajetory of the hosen partile, and suppose that (6) is integrated between
these points to give the salar invariant
I(p, q) =
∫ q
p
(
1√
2g0
)√
dnidxi ≡
∫ q
p
(
1√
2g0
)√
gijdxidxj . (13)
Then, in aordane with the foregoing interpretation, I(p, q) gives a salar
reord of how the partile has moved between p and q dened with respet to
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the partile's ontinually hanging relationship with the mass model, M(R).
If I(p, q) is now minimized with respet to hoie of the trajetory onneting
p and q, then this minimizing trajetory an be interpreted as a geodesi in
the Riemannian spae whih has gab as its metri tensor. Given that gab is
dened in terms of the mass modelM(R) - the existene of whih is indepen-
dent of any notion of `inertial mass', then the existene of the metri spae,
and of geodesi urves within it, is likewise expliitly independent of any
onept of inertial-mass. It follows that the identiation of the partile tra-
jetory r with these geodesis means that partile trajetories are similarly
independent of any onept of inertial mass, and an be onsidered as the
modelling step dening that general sublass of trajetories whih onform
to that harateristi phenomenology of gravitation dened by ondition C1
above.
The geodesi equations in the spae with the metri tensor (8) an now
be obtained, in the usual way, by dening the Lagrangian density
L ≡
(
1√
2g0
)√
gijx˙ix˙j =
(
1√
2g0
) (
A
(
R˙ · R˙
)
+BΦ˙2
)1/2
, (14)
where x˙i ≡ dxi/dt, et., and writing down the Euler-Lagrange equations
2AR¨ +
(
2A′Φ˙− 2L˙LA
)
R˙+
(
B′Φ˙2 + 2BΦ¨−A′
(
R˙ · R˙
)
− 2L˙LBΦ˙
)
R
= 0, (15)
where R˙ ≡ dR/dt and A′ ≡ dA/dΦ, et. By identifying partile trajeto-
ries with geodesi urves, this equation is now interpreted as the equation of
motion, referred to the hosen origin, of a single partile satisfying ondition
C1 above.
However, noting that the variational priniple, (13), is of order zero in its
temporal ordering parameter, we an onlude that the priniple is invari-
ant with respet to arbitrary transformations of this parameter; in turn, this
means that the temporal ordering parameter annot be identied with phys-
ial time. This problem manifests itself formally in the statement that the
equations of motion (15) do not form a omplete set, so that it beomes
neessary to speify some extra ondition to lose the system.
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A similar irumstane arises in General Relativity when the equations of
motion are derived from an ation integral whih is formally idential to
(13). In that ase, the system is losed by speifying the arbitrary time
parameter to be the `proper time', so that
dτ = L(xj , dxj) → L(xj , dx
j
dτ
) = 1, (16)
whih is then onsidered as the neessary extra ondition required to lose the
system. In the present irumstane, we are resued by the, as yet, unused
ondition C2.
8 Physial time
8.1 Completion of equations of motion
Consider C2, whih states that any partile aelerations must neessarily be
direted through the oordinate origin. This latter ondition simply means
that the equations of motion must have the general struture
R¨ = G(t,R, R˙)R,
for salar funtion G(t,R, R˙). In other words, (15) satises ondition C2 if
the oeient of R˙ is zero, so that
(
2A′Φ˙− 2L˙LA
)
= 0 → A
′
A
Φ˙ =
L˙
L → L = k0A, (17)
for arbitrary onstant k0 whih is neessarily positive sine A > 0 and L >
0. The ondition (17), whih guarantees (C2), an be onsidered as the
ondition required to lose the inomplete set (15) and is diretly analogous
to (16), the ondition whih denes `proper time' in General Relativity.
8.2 Physial time dened as proess
Equation (17) an be onsidered as that equation whih removes the pre-
existing arbitrariness in the `time' parameter by dening physial time:- from
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(17) and (14) we have
L2 = k2
0
A2 → A
(
R˙ · R˙
)
+BΦ˙2 = 2g0k
2
0
A2 →
gijx˙
ix˙j = 2g0k
2
0
A2 (18)
so that, in expliit terms, physial time is dened by the relation
dt2 =
(
1
2g0k20A
2
)
gijdx
idxj , where A ≡ M
Φ
. (19)
In short, the elapsing of time is given a diret physial interpretation in terms
of the proess of displaement in the model universe.
Finally, noting that, by (19), the dimensions of k2
0
are those of L6/[T 2×M2],
then the fat that g0 ≡ m0/R20 (f 5) suggests the hange of notation
k2
0
∝ v2
0
/g2
0
, where v0 is a onstant having the dimensions (but not the in-
terpretation) of `veloity'. So, as a means of making the dimensions whih
appear in the development more transparent, it is found onvenient to use
the partiular replaement k2
0
≡ v2
0
/(4d2
0
g2
0
). With this replaement, the
denition of physial time, given at (19), beomes
dt2 =
(
4d2
0
g0
v20A
2
)
gijdx
idxj . (20)
Sine, as is easily seen from the denition of gab given in 4, gijdx
idxj is
neessarily nite and non-zero for a non-trivial displaement dR
8.3 The neessity of v2
0
6= 0
Equation (20) provides a denition of physial time in terms of basi proess
(displaement) in the model universe. Sine the parameter v2
0
ours nowhere
else, exept in its expliit position in (20), then it is lear that setting v2
0
= 0
is equivalent to physial time beoming undened. Therefore, of neessity,
v2
0
6= 0 and all non-zero nite displaements are assoiated with a non-zero
nite elapsed physial time.
9 The osmologial potential
The model is most onveniently interpreted when expressed in potential terms
and so, in the following, it is shown how this is done.
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9.1 The equations of motion: potential form
When (17) is used in (15) we get:
2AR¨+
(
B′Φ˙2 + 2BΦ¨− A′
(
R˙ · R˙
)
− 2A
′
A
BΦ˙2
)
R = 0. (21)
Suppose we dene a funtion V aording to V ≡ C0 −
(
R˙ · R˙
)
/2, for some
arbitrary onstant C0; then, by (18)
V ≡ C0 − 1
2
(
R˙ · R˙
)
= C0 − v
2
0
4d20g0
A+
B
2A
Φ˙2, (22)
where A and B are dened at (9). With unit vetor, Rˆ, then appendix B
shows how this funtion an be used to express (21) in the potential form
R¨ = −dV
dr
Rˆ (23)
so that V is a potential funtion, and C0 is the arbitrary onstant usually
assoiated with a potential funtion.
9.2 The potential funtion, V , as a funtion of R
From (22), we have
2C0 − 2V = R˙2 +R2θ˙2 = v
2
0
2d20g0
A− B
A
R2R˙2
so that V is eetively given in terms of R and R˙. In order to larify things
further, we now eliminate the expliit appearane of R˙. Sine all fores
are entral, then angular momentum is onserved; onsequently, after using
onserved angular momentum, h, and the denitions of A, B and M given
in 4, the foregoing equations an be written as
2C0 − 2V =
R˙2 + R2θ˙2 = v2
0
+
4v2
0
R
√
m1
d0g0
+
d0 − 1
R2
(
6m1v
2
0
d20 g0
− h2
)
+
2
R3
√
d0m1
g0
(
2m1v
2
0
d20 g0
− h2
)
+
1
R4
m1
g0
(
m1v
2
0
d20 g0
− h2
)
(24)
so that V (R) is eetively given by the right-hand side of (24). Various
interesting features of this potential funtion, whih go beyond our immediate
interest, are disussed in appendix C.
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10 The fratal D= 2 inertial universe
The model we have developed allows either a perfetly fratal D = 2 inertial
universe as a spei limiting ase, or a quasi-fratal D ≈ 2, almost inertial
universe on suiently large sales. In either ase, the notion of an empty
metrial universe is meaningless, so that the question originally posed in 2
is nally answered. We onsider eah ase in turn.
10.1 The perfetly fratal D = 2 universe
Referene to (24) shows that the parameter hoie m1 = 0 and d0 = 1 makes
the potential funtion onstant everywhere so that there is a global dynamial
equilibrium; similarly, (12) shows how this equilibrium universe is supported
by a mass distribution whih is neessarily distributed as an exat fratal
with D = 2.
A more detailed analysis is illuminating: speially, for the ase m1 = 0,
d0 = 1, the denition M at (12) together with the denitions of A and B in
4 give
A =
2m0
R20
, B = 0
so that, by (22) (remembering that g0 ≡ m0/R20) we have(
R˙ · R˙
)
= v2
0
(25)
for all displaements in the model universe. It is (almost) natural to assume
that the onstant v2
0
in (25) simply refers to the onstant veloity of any
given partile, and likewise to assume that this an dier between partiles.
However, eah of these assumptions would be wrong sine - as we now show
- v2
0
is, rstly, more properly interpreted as a onversion fator from spatial
to temporal units and, seondly, is a global onstant whih applies equally to
all partiles.
To understand these points, we begin by noting that (25) is a speial ase of
(18) and so, by (19), is more aurately written as
dt2 =
1
v20
(dR·dR) (26)
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whih, by the onsiderations of 8.2, we reognize as the denition of the
elasped time experiened by any partile undergoing a spatial displaement
dr in the model inertial universe. Sine this universe is isotropi about all
points, then there is nothing whih an distinguish between two separated
partiles (other than their separateness) undergoing displaements of equal
magnitudes; onsequently, eah must be onsidered to have experiened equal
elapsed times. It follows from this that v2
0
is not to be onsidered as a loally
dened partile veloity, but is a globally dened onstant whih has the ef-
fet of onverting between spatial and temporal units of measurement.
We now see that the model inertial universe, with (26) as a global rela-
tionship, bears a lose formal resemblane to a universe lled purely with
Einsteinien photons - the dierene being, of ourse, that the partiles in the
model inertial universe are assumed to be ountable and to have mass prop-
erties. This formal resemblane means that the idealized inertial universe
an be likened to a quasi-photon fratal, D = 2, gas universe.
10.2 The quasi-fratal D ≈ 2 universe
On large sales, and for arbitrary hoie of the parameters, (12) shows that
M ∼ R2 on suiently large sales whilst (24) shows that aelerations → 0
on these sales. Using arguments similar to those used above, we an also
show that the elapsed time experiened by partiles undergoing displaements
in this universe beomes a funtion of the displaement itself and the loal
environment.
10.3 Impliations for theories of gravitation
Given that gravitational phenomena are usually onsidered to arise as mass-
driven perturbations of at inertial bakgrounds, then the foregoing results -
to the eet that the inertial bakground is neessarily assoiated with a non-
trivial fratal matter distribution - must neessarily give rise to ompletely
new perspetives about the nature and properties of gravitational phenom-
ena. However, suh onsiderations take us beyond the immediate onerns
of this paper.
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11 Summary and Conlusions
In pratie, and insofar as we an determine, the universe of our experiene is
asymptotially inertial on the very large sales at whih quasi-fratal D ≈ 2
behaviour appears to dominate. We adopted the tentative hypothesis that
this quasi-fratal behaviour will be found to extend to all observable (large)
sales and that it is a persistant signature reeting the fundamental nature
of the universe as a plae in whih the ideas Aristotle, Leibnitz, Berkeley and
Mah are a fair reetion of the reality. If this is the ase, then it should be
possible to produe a theoretial desription of suh a universe so that we
were led to ask the question:
Is it possible to assoiate a globally inertial spae & time with a non-trivial
global matter distribution and, if it is, what are the fundamental properties
of this distribution?
We analysed the question in the ontext of a simple model universe whih
was assumed to possess only the primitive onepts of nearer/further and of
before/after. We then showed how quantitative ideas of spatial and temporal
metris ould be dened entirely in terms of the universal material and that,
as a diret onsequene:
• on suiently large sales in this universe and for an arbitrary hoie
of the parameters, the distribution of material beomes quasi-fratal
with D ≈ 2 (f equation (11) whilst aelerations tend to zero (inertial
behaviour on large sales, f (24));
• In an ideal limiting ase of two partiular parameters taking ertain
exat values, a globally inertial spae & time is irreduibly related to
a fratal, D = 2, distribution of material within the model universe.
However, the latter ideal inertial universe is distinguished in the sense that
whilst all the partiles within it have arbitrarily direted motions, the partile
veloities all have equal magnitude. In this sense, this limiting ase globally
inertial model universe is more aurately to be onsidered as a quasi-photon
gas universe than the universe of our marosopi experiene. In other words,
it looks more like a rude model of a material vauum than the universe of
our diret experiene.
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A A Resolution of the Metri Tensor
The general system is given by
gab =
∂2M
∂xa∂xb
− Γkab
∂M
∂xk
,
Γkab ≡
1
2
gkj
(
∂gbj
∂xa
+
∂gja
∂xb
− ∂gab
∂xj
)
,
and the rst major problem is to express gab in terms of the referene salar,
M . The key to this is to note the relationship
∂2M
∂xa∂xb
= M ′δab +M
′′xaxb,
where M ′ ≡ dM/dΦ, M ′′ ≡ d2M/dΦ2 and Φ ≡ R2/2, sine this immediately
suggests the general struture
gab = Aδab +Bx
axb, (27)
for unknown funtions, A and B. It is easily found that
gab =
1
A
[
δab −
(
B
A+ 2BΦ
)
xaxb
]
so that, with some eort,
Γkab =
1
2A
H1 −
(
B
2A(A + 2BΦ)
)
H2
where
H1 = A
′(xaδbk + x
bδak − xkδab)
+ B′xaxbxk + 2Bδabx
k
and
H2 = A
′(2xaxbxk − 2Φxkδab)
+ 2ΦB′xaxbxk + 4ΦBxkδab.
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Consequently,
gab =
∂2M
∂xa∂xb
− Γkab
∂M
∂xk
≡ δabM ′
(
A+ A′Φ
A + 2BΦ
)
+ xaxb
(
M ′′ −M ′
(
A′ +B′Φ
A+ 2BΦ
))
.
Comparison with (27) now leads diretly to
A = M ′
(
A+ A′Φ
A+ 2BΦ
)
= M ′
(
(AΦ)′
A+ 2BΦ
)
,
B = M ′′ −M ′
(
A′ +B′Φ
A+ 2BΦ
)
.
The rst of these an be rearranged as
B =
M ′
2Φ
(
(AΦ)′
A
)
− A
2Φ
or as (
M ′
A + 2BΦ
)
=
A
(AΦ)′
,
and these expressions an be used to eliminate B in the seond equation.
After some minor rearrangement, the resulting equation is easily integrated
to give, nally,
A ≡ d0M +m1
Φ
, B ≡ − A
2Φ
+
d0M
′M ′
2AΦ
.
B Conservative Form of Equations of Motion
From (22), we have
V ≡ −1
2
(
R˙ · R˙
)
= −k
2
0
A
2
+
B
2A
Φ˙2, (28)
from whih we easily nd
dV
dR
≡ ∂V
∂R
+
∂V
∂R˙
R¨
R˙
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=
−k2
0
A′
2
R +
Φ˙2R
2A
(
B′ − A
′B
A
)
+
B
A
(
RR˙2 +R2R¨
)
where we remember that A′ ≡ dA/dΦ et. Sine R˙2 + RR¨ = Φ¨, then the
above leads to
dV
dR
Rˆ =
(−k2
0
A′
2
+
B′
2A
Φ˙2 − A
′B
2A2
Φ˙2 +
B
A
Φ¨
)
R.
Writing (23) as
2AR¨+ 2A
dV
dR
Rˆ = 0,
and using the above expression, we get the equation of motion as
2AR¨+
(
−k2
0
AA′ +B′Φ˙2 − A
′B
A
Φ˙2 + 2BΦ¨
)
R = 0. (29)
Finally, from (28), we have
k2
0
A =
B
A
Φ˙2 +
(
R˙ · R˙
)
,
whih, when substituted into (29), gives (21).
C Outline analysis of the potential funtion
It is quite plain from (24) that, for any m1 6= 0, then the model universe
has a preferred entre and that the parameter m1 (whih has dimensions of
mass) plays a role in the potential V whih is analogous to the soure mass in
a Newtonian spherial potential - that is, the parameter m1 an be identied
as the mass of the potential soure in the model universe. However, setting
m1 = 0 is not suient to guarantee a onstant potential eld sine any
d0 6= 1 also provides the model universe with a preferred entre. The role of
d0 is most simply disussed in the limiting ase of m1 = 0: in this ase, the
seond equation of (24) beomes
R˙2 +R2θ˙2 = v2
0
− (d0 − 1) h
2
R2
. (30)
If d0 < 1 then |R˙| → ∞ as R → 0 so that a singularity exists. Conversely,
remembering that v2
0
> 0 (f 8.3) then, if d0 > 1, equation (30) restrits real
26
events to the exterior of the sphere dened by R2 = (d0 − 1)h2/v20. In this
ase, the singularity is avoided and the entral `massless partile' is given the
physial property of `nite extension'. In the more realisti ase for whih
m1 > 0, referene to (24) shows that the R = 0 singularity is ompletely
avoided whenever h2 > m1v
2
0
/d2
0
g0 sine then a `nite extension' property
for the entral massive partile always exists. Conversely, a singularity will
neessarily exist whenever h2 ≤ m1v20/d20g0.
In other words, the model universe has a preferred entre when either
m1 > 0, in whih ase the soure of the potential is a massive entral partile
having various properties depending on the value of d0, or when m1 = 0 and
d1 6= 0.
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